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ABSTRACT
Nested sampling was employed to investigate adsorption equilibria on the truncated-octahedral Lennard-Jones (LJ) nanocluster LJ38 (also
commonly denoted TO38) while systematically varying adsorbate–surface well depth and LJ size parameters. Evaluation of the canonical
partition function over a wide temperature range identifies two successive phase transitions: (i) condensation of the gas phase onto the cluster
surface at higher temperatures and (ii) lateral rearrangement of the adsorbed layer at lower temperatures. For identical interactions, the
condensate first populates both three- and fourfold hollow sites; when adsorbate–adsorbate interactions are weakened, preference shifts to
the four-coordinated (100) sites. Size mismatch governs low-temperature behavior: smaller adsorbates aggregate to increase mutual contacts,
whereas larger ones distribute more evenly to maximize coordination with the cluster. These findings highlight key trends in facet competition
and lattice mismatch and showcase nested sampling as an automated, unbiased tool for exploring surface configurational space and guiding
investigations of more complex, realistic interfaces.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0283538

I. INTRODUCTION

The structure and behavior of solid–fluid interfaces have been
extensively studied, as nanoscale properties often differ significantly
from those of bulk materials due to pronounced quantum and
geometric size effects. These surface-specific phenomena (such as
adsorption, phase transitions in adsorbed layers, and interfacial
reconstructions) underlie numerous processes, ranging from energy
storage1 and atmospheric chemistry2,3 to heterogeneous cataly-
sis4 and biotechnology.5–7 Nanoparticles are of particular interest
because their high surface-to-volume ratios and abundance of low-
coordinated active sites not only enhance reactivity but can also
afford practical advantages—for instance, ultra-fine Au/Fe-, Au/Co-,
and Au/Ni-oxide composites fully oxidize CO at −70 ○C while
remaining stable in humid gas streams, a performance unattain-
able with bulk catalysts.8 Moreover, characteristics such as particle
size, morphology, and composition strongly influence nanopar-
ticle properties, enabling researchers to tune catalytic activity,

thermal stability, optical response, and magnetic behavior for diverse
applications.4,6,9–13 Surface adsorption and reorganization are often
critical in such applications. For example, palladium catalysts exhibit
facet-dependent activity in hydrodechlorination reactions.14,15 Sim-
ilarly, small gas molecules (H2, O2, and CO) bind preferentially to
specific sites on Au–Rh bimetallic clusters16 and on copper nanopar-
ticle surfaces.17,18 Thus, to design nanoparticles with targeted func-
tions, it is essential to understand both the thermodynamics and
kinetics of their surface processes.

Computational modeling has been an indispensable tool for
obtaining an atomic-scale understanding of surface composition
and structure and the interaction of surfaces with adsorbates.19–23

These simulations support the interpretation of spectroscopic data,
elucidate complex reaction pathways, and enable useful predic-
tions for large-scale screening.4,24 Nanoparticle surfaces, however,
pose a particular challenge for modeling. Owing to the myriad
possible surface terminations, reconstructions, and low-symmetry
features (such as edges and defects), modeling efforts often focus
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on only a few high-symmetry terminations and ground-state struc-
tures, neglecting the full diversity of surface configurations and
their stability at finite temperatures (including anharmonic effects)
under conditions of practical relevance.25 Random structure search
and global optimization techniques have been crucial in predict-
ing stable nanocluster configurations26–29 and comparing compet-
ing morphologies.30–32 However, because these approaches typically
consider only the 0 K potential energy surface (neglecting entropic
effects), they are seldom applied to study adsorption phenomena
under realistic conditions.33

Low-temperature surface energies can be evaluated through the
ab initio atomistic thermodynamics approach pioneered by Schef-
fler and co-workers.34–36 Moreover, Wexler et al. combined density
functional theory with grand-canonical Monte Carlo (GCMC) sim-
ulations to accurately and automatically sample the phase space
of oxide overlayers on Ag(111), reproducing important aspects of
its surface phase diagram without pre-selecting candidate struc-
tures.37 This method provides valuable insights, but at a significant
computational cost. To improve efficiency, machine-learning strate-
gies have likewise been employed to develop generalized adsorption
models for nanocluster surfaces.38 Zhou et al. introduced a replica-
exchange grand-canonical sampling technique to estimate differ-
ences in free energies for the prediction of surface phase diagrams.39

Their reliance on discrete temperature and chemical–potential grids
can also lead to coarse sampling of phase space around surface
phase transitions. Here, we adopt an alternative nested sampling
(NS) approach that avoids such coarse discretization by construct-
ing a set of slabs equidistant in the natural logarithm of the surface
configuration–space volume.

Recently, we have demonstrated that NS can be employed
to efficiently sample the configuration space of surfaces, yielding
thermodynamically relevant adsorbate structures without requiring
any prior knowledge of the stable phases.40,41 In that proof-of-
concept study, we used NS to calculate coverage–temperature phase
diagrams for adsorbates on four facets of a Lennard-Jones (LJ)
face-centered cubic (fcc) solid. From these NS simulations, we con-
structed the canonical partition function and computed ensemble-
averaged thermodynamic properties, such as the constant-volume
heat capacity and surface order parameters. Notably, this approach
revealed phase transitions on both flat and stepped facets, includ-
ing an enthalpy-driven condensation at higher temperatures and
an entropy-driven reordering at lower temperatures. The surface
NS method is general and can be applied not only to flat and
stepped surfaces but also to arbitrary “host” structures for adsorp-
tion, including nanoparticles, clusters, channels, or porous materi-
als. To demonstrate this versatility, the present work applies surface
NS to a model cluster with multiple facets: the truncated-octahedral
global-minimum-energy structure of 38 LJ particles, commonly
referred to as LJ38 (also denoted TO38 in the clusters literature).42

For clarity, we adopt LJ38 throughout this work while noting that
the same structure is sometimes referred to as TO38 to empha-
size its truncated-octahedral shape. We use this system to showcase
the method’s ability to capture the competition between adsorption
sites of different coordination and to examine the effects of lattice
mismatch and varying adsorbate–surface interaction strengths, by
changing the LJ length and energy parameters of the free particles
adsorbing onto the surface. We also compare the computational
cost of our method to that of the widely used parallel tempering

technique, which—provided that the temperature ladder contains
sufficiently overlapping replicas—can facilitate crossing of energy
barriers and thereby enhance exploration of configuration space.

II. COMPUTATIONAL METHODS
A. Surface nested sampling

NS is an iterative Monte Carlo algorithm43–45 that contracts the
accessible phase-space volume in equal logarithmic steps, thereby
transforming the high-dimensional integral for the canonical par-
tition function into a tractable one-dimensional sum.46 Unlike
importance-sampling methods that require a priori knowledge
of relevant phases, NS explores configuration space “top-down”
and produces the partition function, and hence all equilibrium
observables, directly. Recent work provides derivations for bulk
systems in the canonical40,47 and isobaric ensembles48,49 and the
surface-specific modifications we introduced;41 interested readers
are referred there for details.

1. Workflow overview
The following overview summarizes how we adapt the stan-

dard materials application of nested sampling to a fixed nanocluster
substrate with freely mobile adsorbates.

1. Initial live set: A fixed K number of “live” configurations
(walkers) are drawn uniformly from the prior volume.

For cluster adsorption, we treat the nanocluster atoms as
immobile, place the n freely mobile (adsorbate) particles ran-
domly outside an exclusion sphere surrounding the cluster,
and impose periodic boundary conditions on the simulation
cell.

2. Iterative contraction: At iteration i, the walker with the high-
est potential energy, Emax

i , is removed and its configuration
and energy are recorded. The associated prior-mass increment
is

wi = Γi − Γi+1, Γi = (
K

K + 1
)

i
. (1)

3. Replacement: The discarded walker is replaced by a new
configuration generated via a random walk that starts from
a randomly cloned surviving walker and is restricted to
E < Emax

i .
4. Termination: Iterations continue until the lowest-energy

basin is thoroughly sampled.

2. Thermodynamic observables
The set {E(ri),wi} yields the canonical partition function for

any inverse temperature β,

Z(N, V , β) =∑
i
wi e−βE(ri), (2)

where N is the number of particles, V is the system volume, and
E(ri) is the system’s potential energy in configuration ri generated
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at the ith NS iteration. Ensemble averages follow immediately, for a
configuration-dependent observable A(r),

⟨A⟩β =
∑i wi A(ri) e−βE(ri)

Z(N, V , β) . (3)

In this work, we analyze three key observables: First, we compute
the radial distribution function of the adsorbates relative to the clus-
ter center. Second, we determine the average coordination number,
⟨CN⟩, which counts both free atom–free atom and free atom–cluster
contacts. Third, we evaluate the constant-volume heat capacity,
CV(β) = kBβ2∂2 ln Z/∂β2; peaks in CV reveal coverage-dependent
phase transitions.

3. Simulation setup
Interparticle interactions were described with the LJ pair

potential,

ULJ(r) = 4ϵ[(σ
r
)

12
− (σ

r
)

6
], (4)

where r is the separation between two atoms and the parameters
ϵ and σ define the energy and length scales, respectively.
A truncated-and-shifted form with a cutoff radius rc = 3σ was used
so that ULJ(rc) = 0.

The LJ potential is computationally inexpensive, and its ther-
modynamic behavior is well characterized, making it a convenient
test case for methodological development. As the model nanocluster,
we adopted the 38-particle truncated-octahedral global minimum
(LJ38, Fig. 1).42 Because this structure exposes both (100) and (111)
facets, it allows the relative stabilities of adsorbates on these two
competing surfaces to be probed within a single simulation.

Three adsorption scenarios were examined (Table I): Scenario
1 is a reference in which cluster and free atoms share identical LJ
parameters: σc = σf and ϵc = ϵf (with LJ parameters σc and ϵc applied
for the cluster atoms and σf and ϵf applied for the free moving
adsorbate particles). Scenario 2 reduces the adsorbate well depth to
ϵf = 0.05ϵc to mimic weak secondary binding.50 Scenario 3 explores
lattice mismatch by scaling the LJ σ parameter of the adsorbate to

FIG. 1. Cluster of 38 LJ particles in the truncated octahedral global minimum struc-
ture, employed as surface in the current work. The four-coordinated (100) facet
and the three-coordinated (111) facet are highlighted by red and black polygons,
respectively.

TABLE I. Lennard-Jones parameters for the three adsorption scenarios. The sub-
scripts c and f denote cluster and free atoms, respectively. Mixed interactions follow
the Lorentz–Berthelot rules.

Scenario ϵf/ϵc σf/σc Purpose/analogy

1. Equal interactions 1.0 1.0 Reference (identical particles)
2. Weak interactions 0.05 1.0 Weak secondary binding
3a. Smaller adsorbates 1.0 0.8 Negative lattice mismatch
3b. Larger adsorbates 1.0 1.2 Positive lattice mismatch

0.8σc (negative mismatch, 3a) and 1.2σc (positive mismatch, 3b).
Mixed interactions follow the Lorentz–Berthelot combining rules in
all cases, while we emphasize that the precise numerical values of
the interaction terms are secondary, as our aim is not to reproduce
interactions of any specific chemical system.

The energy-minimized LJ38 cluster was placed at the center of a
cubic cell of edge length 10σc. Free particles were inserted at ran-
dom positions at least 2σc from the cluster center to avoid large
initial overlaps. During the iterative NS, new configurations were
generated by performing a sequence of single-particle Monte Carlo
(MC) translation steps on the free particles, under periodic bound-
ary conditions. Using periodic boundary conditions ensures a finite
gas-phase density at the outset without the added complexity of a
rigid bounding box; their influence becomes progressively less sig-
nificant once adsorption dominates, aside from residual finite-size
effects. The MC step size was adjusted at every K/2th iteration to
keep the acceptance ratio between 20% and 50%.

Sampling parameters were tuned so that independent runs con-
sistently located the global minimum and produced reproducible
heat-capacity curves. For systems containing 5–10 and 11–15 free
atoms, we employed K = 2880 and K = 4032 walkers, respectively.
When the adsorbate–cluster interaction was weakened (scenario 2),
the number of walkers was increased to K = 8064 (5–10 adsorbates)
and 16 128 (11–15 adsorbates) to adequately sample the larger set of
near-degenerate minima. The random-walk length per NS iteration,
L, consisted at least 1600 MC sweeps, where each sweep corre-
sponds to one random attempted translation of every freely moving
adsorbate particle.

We have implemented surface nested sampling in the
pymatnest code and will add a tutorial that reproduces some of our
results at https://libatoms.github.io/pymatnest.

B. Parallel tempering
Parallel tempering (PT) surmounts high-energy barriers by

allowing replicas at different temperatures to swap configurations,
giving it exploration power comparable to NS.51,52 With a well-
designed temperature ladder, PT does not, in principle, require any
structural bias, although practitioners often start from known low-
energy geometries to shorten the equilibration time. Head-to-head
comparisons at constant volume40 and constant pressure48 show
that PT typically needs ≳10-fold more energy evaluations than NS to
reach the same statistical error in the heat-capacity curve. This com-
putational cost disparity widens further for first-order transitions
with large latent heat.40,48

Because PT is widely applied to surface phenomena,53–57 we
benchmarked it against NS for the adsorption of 14 LJ adsorbates
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on the LJ38 nanocluster, using identical parameters (scenario 1).
Our simulations employed the PT implementation in LAMMPS58

with 48 replicas linearly spaced in the reduced temperature range
kBT/ϵc = 0.1 − 0.8. Replica exchanges were attempted every 10 000
molecular-dynamics (MD) steps, and each replica was propagated
for 2.75 × 107 steps. To gauge sensitivity to the initial guess, we
ran three independent sets that began from (i) a random gas-
phase configuration, (ii) a local minimum, and (iii) the NS global
minimum. All trajectories used a Langevin thermostat with damp-

ing 0.5 τ
√

ϵc/mσ2
c . The data supporting this study’s findings are

publicly available in Ref. 59.

III. RESULTS AND DISCUSSION
We first discuss systems in which the cluster and free parti-

cles share equal LJ parameters, detailing their thermodynamic and
structural properties as a function of temperature. Sections III B
and III C examine two perturbations (scenarios summarized in
Table I): (i) same-sized adsorbates that interact more weakly with
the surface and (ii) free particles that are either smaller or larger than
the substrate particles, introducing lattice mismatch. For each case,
we analyze how these modifications influence phase behavior and
the adsorption motifs that emerge.

A. Equal interactions
1. Phase transitions

From the partition function obtained via nested sampling,
we calculated the constant-volume heat capacity as a function
of temperature. Figure 2 shows the resulting curves for systems
with n = 5–15 free atoms. Each exhibits two characteristic max-
ima: a broad high-temperature peak centered at kBT/ϵc ≈ 0.6 and
a lower-temperature, sometimes sharper, peak near kBT/ϵc ≈ 0.25.

2. Coordination numbers
To identify the processes responsible for the two heat-capacity

maxima, we calculated the average coordination number (CN) of
the free particles as a function of temperature, shown in the bottom
panel of Fig. 2. For this, particles were counted to be in the coordi-
nation shell if they were closer to each other than 1.35σc, counting
only the environments of the free particles. At high temperatures,
the free particles are in the gas phase, giving low CN (≲ 1). As the
system cools, CN increases smoothly and reaches ∼2 − 3 around the
first CV peak, signaling condensation of the free particles onto the
cluster surface: each free particle now contacts a few cluster par-
ticles but has not yet formed ordered surface motifs. The second
CV peak appears just before CN plateaus; it marks the lateral rear-
rangement of the condensed layer into configurations that maximize
coordination both with the cluster and among the adsorbates them-
selves. Overall, the condensation and subsequent surface-ordering
transitions mirror those observed previously for flat fcc (100)/(111)
surfaces.41

3. Coverage dependence
Condensation exhibits a clear, coverage-dependent trend: both

the condensation temperature and the height of the corresponding
CV peak increase monotonically with the number of free particles.
The exact temperature values observed for this transition are, of

FIG. 2. Top panel: constant volume heat capacity of systems consisting of an LJ38
cluster and n free LJ particles, with equal interaction parameters. Results of two
independent nested sampling calculations are shown for each system to demon-
strate the level of convergence. Bottom panel: average coordination number of free
particles, as a function of temperature. The dashed vertical lines mark the position
of the heat capacity peaks and corresponding average coordination numbers for
one of the n = 5 and n = 15 calculations.

course, influenced by the gas-phase density and thus by our choice of
simulation box size. The lower-temperature surface-rearrangement
peak, however, shows notable coverage-specific variations. For
n = 7, it is markedly broader than for the other coverages, almost
a double peak, implying two closely spaced ordering events. For
n = 14, the peak sharpens dramatically at kBT/ϵc ≈ 0.28, potentially
signaling a particularly favorable transition, whereas for n = 15, a
subtle shoulder appears at kBT/ϵc ≈ 0.14. The structural origin of
these features is analyzed in Secs. III A 4 and III A 5.

4. Facet ordering
To characterize the structural transitions associated with the

two heat-capacity maxima, we calculated the probability that a free
particle has a given number of nearest neighbors. Because NS pro-
vides the phase-space-volume weights, these probabilities can be
evaluated as a function of temperature, shown in Fig. 3. Figure 3
separates contacts with cluster particles (top panel) from contacts
with other free particles (bottom panel), allowing us to distinguish
(i) condensation and facet preference from (ii) lateral aggregation
and rearrangement of particles already adsorbed. For the n = 7 sys-
tem, four temperature regions (labeled A–D) emerge. In region
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FIG. 3. Probability of having a specific number of neighbors at a given tempera-
ture, in case of the LJ38 cluster and seven free LJ particles (n = 7), with equal
interaction parameters. The top panel shows the coordination taken into account
only between free particles and cluster atoms in order to distinguish the occupancy
of (111) (threefold-coordinated) and (100) (fourfold-coordinated) sites. The bottom
panel shows the coordination number only between free particles to quantify par-
ticle aggregation on the surface. The heat capacity is shown by a solid black line
in both panels, with vertical dashed lines highlighting its peaks. The snapshots
shown above the plots are typical configurations in temperature regions A, B, and
C, with the rhombic arrangement of atoms highlighted by red dotted lines.

D (kBT/ϵc ≳ 0.55), a substantial fraction of free particles are in the
gas phase, so the probability of having zero neighbors is high. In
region C, the probability of zero-coordinated particles drops signif-
icantly, signaling complete condensation onto the surface. At the
same time, the probabilities of having two or three free-particle
neighbors increase, indicating in-plane aggregation, shown in the
bottom panel of Fig. 3.

In region B, the occupancies of (111) and (100) sites are
essentially fixed (the probabilities of three- and fourfold cluster coor-
dination remain almost constant), yet the lateral arrangement of
the condensed layer changes markedly. The probability of a free
particle having three free-particle neighbors triples; visual inspec-
tion reveals that four particles frequently form rhombi (red dashed
lines on snapshots of typical configurations in the figure), occupying
those neighboring hollow sites that correspond to hexagonal close-
packed (hcp) stacking. The remaining three free particles usually
adopt one of the fourfold hollow sites on the (100) facets. In region A
(lowest T), the global-minimum structure dominates: five particles
occupy hollow sites corresponding to fcc stacking, while the remain-
ing two occupy fourfold hollow sites, with hcp stacking no longer
observed.

Thus, the lower-temperature heat-capacity peak reflects a sub-
tle reorganization of an already condensed layer: rhombic hcp motifs
give way to the fcc global minimum as the system is cooled.

5. Ground states
Phase-space-weighted radial distributions of the free particles

clarify how the ground states evolve with coverage. For n = 14
(shown in Fig. 4), the radial distribution is flat above the conden-
sation transition, indicating a gas-like phase. Cooling first produces
a single peak at r ≈ 2.3σc as the free particles adsorb onto the sur-
face, occupying threefold hollow sites on the (111) facets. At still
lower temperatures, this peak resolves into three sub-peaks, show-
ing that the 14 adsorbates occupy three radially distinct groups of
surface sites (hollow sites at r ≈ 2.3σc, bridge at r ≈ 2.6σc, and atop
at r ≈ 2.8σc) that together form an fcc “cap” on one hemisphere of
the cluster.

This perfect fcc cap is highly favorable and gives rise to the par-
ticularly sharp heat-capacity peak at kBT/ϵc ≈ 0.28, shown in Fig. 2.
For n < 14, the adsorbates still tend to complete the cap, but one
half adopts fcc stacking while the other half adopts hcp stacking,

FIG. 4. Phase-space-volume-averaged radial distribution of n = 14 free particles
around the center of the cluster. The lines are shifted for better visibility and for the
baselines to correspond to the appropriate temperature on the heat capacity curve,
shown in the left-hand panel. The lines are colored to represent different temper-
ature ranges. The snapshots of typical structures in each temperature range are
shown as illustrations and to demonstrate the distance of various adsorbates from
the center of the cluster.
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FIG. 5. Snapshot of the ground state
structures of the LJ38 cluster with free
particles n = 12–15. The atoms corre-
sponding to the fixed cluster are colored
dark green, while free atoms are yellow.
The bottom row shows the same struc-
tures from a different angle, with atoms
occupying hcp positions highlighted in
orange. In the case of n = 15, the snap-
shots show two energetically equiva-
lent configurations, with the two four-
coordinated surface positions marked by
α and β.

shown in Fig. 5. Adding a 15th adsorbate leaves the fcc cap intact.
The surplus particle prefers one of the equivalent fourfold hollow
sites on a (100) facet (sites α and β in Fig. 5), where it has four
nearest neighbors. Because these sites are degenerate, the extra free
particle is equally likely to occupy any of the equivalent sites in the
zero-temperature limit.

6. Performance comparison
To quantify the cost-accuracy trade-off of NS vs PT, we exam-

ined the n = 14 system, using the constant-volume heat capacity
in Fig. 6. Unlike PT, which can be continued until convergence,
NS is performed with predetermined K and L; combining separate
NS runs for higher resolution is non-trivial (because weights cannot
be merged post facto). Two sets of NS parameters were compared:
the high-resolution setup used earlier in this section (requiring
1.3 × 109 energy evaluations for convergence) and a low-resolution
setup with fewer walkers and shorter MC walks (K = 576, L = 600),
reducing the total computational cost by ∼90% (1.3 × 108 energy
evaluations). The low-resolution NS setup broadens the uncertainty
bands, but it still resolves the main phase transitions and locates the
global minimum.

The three panels of Fig. 6 compare PT runs that start from pro-
gressively less informed initial configurations. When PT is seeded
with the NS global minimum, its heat-capacity curve is statistically
indistinguishable from that of NS, confirming the latter’s accuracy.
Starting PT from a local minimum, in which the 14 free parti-
cles have already adsorbed onto the cluster surface, enables it to
resolve the condensation transition within 1.3 × 108 energy evalu-
ations, but even a tenfold increase in computational cost (1.3 × 109

energy evaluations) is insufficient to resolve the lower-temperature
surface-rearrangement peak. NS resolves both transitions at either
cost level. Starting from an unbiased, random gas-phase configura-
tion, PT fails to capture the condensation transition after 1.3 × 108

energy evaluations, whereas even the low-resolution NS run resolves
both phase transitions and the global minimum; the high-resolution
run merely narrows the uncertainty bands.

Overall, NS attains converged thermodynamic observables at
equal or lower computational expense than PT unless the true
ground state (i.e., the global minimum) is supplied a priori. For

realistic problems, where that information is unavailable, NS offers
the more robust and efficient route to mapping surface phase
behavior.

B. Weak interactions
When cluster–free-particle and free-particle–free-particle

interactions are identical, the ground state maximizes each particle’s
coordination number, so competition between the cluster’s facets
is minimal. By contrast, when the free particles interact much
more weakly with one another than with the surface (ϵf ≪ ϵc), the
fourfold hollow sites on the (100) facets should be energetically
favored over the threefold sites on the (111) facets because they
offer stronger binding via higher coordination. To evaluate how this
energetic asymmetry competes with entropic effects, we performed
NS calculations with identical σ values for all LJ pairs but reduced
the adsorbate–adsorbate well depth to ϵf = 0.05ϵc.

1. Phase transitions
Figure 7 shows the constant-volume heat capacity for sys-

tems in which the adsorbate–adsorbate interaction is weakened to
ϵf = 0.05ϵc relative to scenario 1. Because all interactions are weaker,
both characteristic phase transitions occur at lower reduced tem-
peratures than in the identical-interaction case. The broad peak at
higher temperature kBT/ϵc ≈ 0.12 again signals the condensation of
gas-phase free particles onto the cluster surface. A second, much
smaller peak is observed at kBT/ϵc ≈ 0.03; this feature corresponds
to surface rearrangement of the adsorbed layer. Due to the very
weak adsorbate–adsorbate interactions, the energy change associ-
ated with this surface rearrangement is modest; thus, the associated
heat-capacity peak is much less pronounced than the condensation
peak.

2. Facet ordering
Because free particles interact much more strongly with clus-

ter atoms than with one another when ϵf ≪ ϵc, the fourfold hollow
sites on the (100) facets offer stronger binding. All six (100) sites are
occupied first, whereas the threefold hollow sites on the (111) facets
remain vacant until n > 6. This energetic preference produces addi-
tional low-temperature features in the heat-capacity curves, but the
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FIG. 6. Comparing the computational cost and efficiency of nested sampling (NS)
and parallel tempering (PT), by comparing the heat capacities as a function of
temperature, for the system of 14 LJ atoms on the surface of the cluster (using the
same LJ interaction parameters). Different panels show different starting configu-
rations (shown as snapshots in the respective panels) for PT: the global minimum
structure (top panel), a local minimum structure (middle panel), and a random
gas phase configuration (bottom panel). NS results are identical across panels.
The total number of energy evaluations used to produce the curves is included in
the legend. The shaded areas indicate the standard deviation calculated from five
independent runs.

FIG. 7. Constant volume heat capacity as a function of temperature, of sys-
tems consisting of an LJ38 cluster and n free LJ particles, with weaker interaction
strength between the free atoms.

underlying energy differences are only a few times 10−3ϵc; resolving
such small energy differences makes full convergence challenging, so
we focus on the representative n = 14 system.

Figure 8 links the heat-capacity curve of the n = 14 system to
the probability of finding the adsorbate particles in certain locations,
for four characteristic temperatures. At kBT/ϵc = 0.0005 (basin of
attraction of the global minimum), the free particles occupy all six
(100) hollow sites and the edge-adjacent hcp-stacked hollow sites
on the (111) facets. At kBT/ϵc = 0.005, local minima becomes avail-
able with the free particles not only occupy the same sites as at
kBT/ϵc = 0.0005, but also partially occupy the fcc-stacked hollow
sites adjacent to the hcp-stacked ones. At kBT/ϵc = 0.025, fcc and
hcp sites are now roughly equally populated, and the probability
of finding a free particle on the (111) facets spreads evenly, indi-
cating increased lateral mobility of threefold-coordinated free par-
ticles while the fourfold-coordinated free particles remain pinned.
At kBT/ϵc = 0.07, a broad ensemble of surface configurations is
sampled.

3. Surface diffusion
To test whether the characteristic surface arrangements are

local minima and to compare adsorbate mobility across sites, we
ran NVT MD simulations, starting from configurations generated by
NS. At kBT/ϵc = 0.07, the free particles are mobile, with threefold-
coordinated adsorbates on the (111) facets diffusing most readily.
Diffusivity falls sharply on cooling—by kBT/ϵc = 0.025, only parti-
cles on partially filled (111) facets hop between hollow sites, and no
inter-facet motion is observed. The inter-facet barrier is therefore
already prohibitive, yielding a rugged landscape of nearly degener-
ate minima. This frustration highlights nested sampling’s top–down
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FIG. 8. n = 14 free particles on the surface of LJ38 cluster, with weak free particle
interactions. Top panel: heat capacity curve, with arrows pointing to temperatures
where the weighted average free particle distribution has been calculated. Bottom
panel: weighted average of positions of free particles on the surface. The light
green structure shows the LJ38 configuration, with red points demonstrating the
probability of finding free particles at a particular position at four different tempera-
tures. Each quadrant of the panel shows results averaged over all quadrants of the
cluster. The arrows on the top left segment highlight hollow sites corresponding to
hcp positions.

exploration, which captures the subtle competition between facets
and the resulting local arrangements without structural bias.

C. Size-mismatch effects
Changing the LJ σ parameter, and thus the effective size of

the adsorbing particles, has a significant impact on adsorption.
Although the overall phase sequence remains unchanged (gas-phase
condensation at higher temperatures followed by surface restruc-
turing at lower temperature), the magnitude and character of each
transition depend sensitively on σ.

1. Phase transitions
Figure 9 shows constant-volume heat-capacity curves for sys-

tems, in which the adsorbate diameter is either 20% smaller
(σf = 0.8σc, scenario 3a) or 20% larger (σf = 1.2σc, scenario 3b) than
that of the cluster particles. Increasing σf from 0.8σc to 1.2σc shifts
the condensation peak to slightly higher reduced temperatures and
broadens it. This broadening is consistent with the longer-range

FIG. 9. Constant volume heat capacity as a function of temperature, of systems
consisting of an LJ38 cluster and n free LJ particles, with the free atoms having
smaller effective size [panel (a)] and larger effective size [panel (b)]. Panel (c)
compares the location of heat capacity peaks at different σ f values. The crosses
indicate the average transition temperature obtained from two independent NS
runs, while the horizontal bars represent the range between these two values.

cluster–adsorbate attraction and with geometric frustration that
inhibits dense, commensurate packing of the larger adsorbates. The
lower-temperature peak associated with lateral surface rearrange-
ment is less pronounced for either size mismatch and almost absent
when σf = 0.8σc with n < 11, because the smaller adsorbates interact
over a shorter range and, at these low coverages, their mutual con-
tacts are too sparse to compete with the stronger adsorbate–cluster
binding. Only when σf = σc do snapshots reveal a commensurate
close-packed overlayer (see Sec. III A). Any size mismatch intro-
duces incommensurability, frustrating this cooperative rearrange-
ment and suppressing its heat-capacity signature. Panel (c) of Fig. 9
summarizes the effect of the LJ σ parameter on the phase-transition
temperatures.
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FIG. 10. Average coordination number of free particles in the global minimum
structure, as a function of the system’s size. The bar charts show the coordination
number, taking into account only free particle–free particle neighbors (solid colors)
and taking into account only free particle–cluster-atom neighbors (cross-hatched
colors). The lines and symbols show the total coordination number. Different colors
represent different scenarios of LJ σ parameters.

2. Coordination numbers
Figure 10 decomposes the average CN per adsorbate into

adsorbate–cluster (f–c) and adsorbate–adsorbate (f–f) contributions
for every coverage and size-mismatch scenario. This decomposi-
tion highlights how lattice mismatch reshapes the driving forces for
adsorption and subsequent surface rearrangement.

For smaller free particles (σf = 0.8σc), the threefold hollow sites
on the (111) facets are the first sites occupied. Once a (111) facet is
saturated, the hollow–hollow spacing keeps the smaller free parti-
cles farther apart than their equilibrium f–f distance, so additional
free particles adsorb at edges or vertices, whose less-constrained

geometry lets adsorbates slide laterally and approach one another
more closely, thereby maximizing f–f contacts. The n = 15 global
minimum is a notable example: five adsorbates form an approx-
imately regular pentagonal ring capped by a central particle with
no cluster-atom neighbors [as shown in Fig. 11 panel (d)], an
icosahedral motif reminiscent of LJ clusters.42

Conversely, the energy minimum distance between larger free
particles (σf = 1.2σc) is longer than the distance between adjacent
threefold hollow sites; thus, adsorbate particles would repel each
other if saturated a (111) facet. To avoid crowding, the first adsor-
bates bind in the isolated fourfold hollow sites on the (100) facets,
where strong adsorbate–cluster coordination outweighs weak lateral
bonding. Figure 10 confirms this interpretation: the coordination
number between free particles and cluster particles is consistently
higher than when only free-particle neighbors are counted, and the
free-particle–free-particle coordination is considerably lower than
for the other size ratios.

Because each size ratio stabilizes a different low-energy motif,
the total CN (line plots in Fig. 10) no longer grows smoothly with
n when σf ≠ σc. Instead, it plateaus or even decreases whenever a new
layer or an incommensurate overlayer becomes favorable. Represen-
tative ground-state structures for n = 9 and n = 15 (Fig. 11) illustrate
these competing motifs.

3. Temperature dependence
The temperature dependence of CN (Fig. 12) reinforces the

picture established in Sec. III C 2. When σf = σc, CN minimally
changes below the low-temperature transition (i.e., above the black
crosses at higher CNs in Fig. 12), indicating only limited rearrange-
ment among similar minima. For larger free particles, the transition
CN is nearly coverage-independent, reflecting the limited palette of
under-coordinated motifs imposed by steric mismatch. Smaller free
particles, by contrast, exhibit large, irregular jumps in CN at the
transition, which is evidence of significant surface rearrangement

FIG. 11. Snapshots of the global min-
imum structures identified by nested
sampling, using n = 9 (top row) and n =
15 (bottom row) free particles (shown
by yellow), and different interaction para-
meters: σ f = 0.8σc [panels (a) and (d)],
σ f = σc [panels (b) and (e)], and σ f =
1.2σc [panels (c) and (f)]. The white
dashed hexagons highlight one of the
(111) facets, and the red dashed polygon
on panel (d) highlights the pentagonal
arrangement of adsorbates.
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FIG. 12. Average total coordination number of adsorbate particles for different sys-
tem sizes. The color scale and bar width represent the temperatures, with the
black crosses indicating the average transition temperatures obtained from two
independent NS runs.

and multiple, nearly degenerate adsorption motifs persisting to low
temperatures.

Together, these trends show that lattice mismatch shifts the
balance between adsorbate–surface and adsorbate–adsorbate inter-
actions, dictating whether layer completion, incommensurability, or
multiple-layer formation dominates adsorption thermodynamics.

IV. CONCLUSIONS
We applied surface nested sampling (NS)41 to a Lennard-Jones

(LJ) truncated-octahedral nanocluster (LJ38) hosting freely mobile
adsorbates. By varying surface coverage, interaction strength, and
size mismatch, we computed the canonical partition function, cal-
culated heat-capacity curves, and analyzed coordination statistics
across a broad temperature range, representing a range of scenarios
relevant to nanocrystal–adsorbate systems.60–66

Two generic, coverage-dependent transitions emerged: con-
densation at higher temperatures and surface reordering at lower
temperatures. Their character shifts systematically with interaction

parameters and available adsorption sites. Uniform interactions
favor formation of an ordered overlayer; weakened adsorbate
–adsorbate interactions drive preferential occupation of fourfold
sites on (100) facets; size mismatch changes the dominant driving
force, smaller adsorbates maximize adsorbate–adsorbate contacts,
whereas larger ones maximize adsorbate–surface contacts, often
resulting in under-coordination. Experiments exhibit analogous
behavior. For example, Balan et al. reported a temperature-driven
order–disorder transition in mixed oleate/octadecyl-phosphonate
shells on CdSe/CdS quantum dots, accompanied by a sharp increase
in photoluminescence and broadening of the emission linewidth.67

Similarly, Calvin et al. assigned a persistent wide-angle diffraction
peak to semi-crystalline alkyl chains, providing direct structural evi-
dence of ordered ligand shells.68 Surface–ligand dipoles can rigidly
shift CdSe band edges (including nanowires) by up to ∼2–3 eV;
thus, variations in ligand coverage or orientation (and, by exten-
sion, ordering) are expected to modulate the net dipole and band
edges, offering a route to tune photocatalytic band alignment.69

Facet geometry has also been shown experimentally to impose
strong site selectivity on ligands; for instance, polyvinylpyrrolidone
binds more strongly to Ag (100) than to (111), lowering the (100)
surface free energy, slowing nanoparticle growth, and stabilizing
nanocubes.60–62 Because ligands can direct facet expression dur-
ing growth and catalytic rates depend sensitively on nanocrystal
shape, shape control can be employed to tune (electro)catalysis: in Pt
solution reactions,70,71 in high-index tetrahexahedral Pt for electro-
oxidation,72 and in Pt3Ni, where (111)-terminated nano-octahedra
outperform (100)-terminated nanocubes.73

Benchmarking against parallel tempering (PT) shows that,
unless a pre-identified global minimum is supplied a priori, NS
achieves converged thermodynamic properties at consistently lower
computational cost while remaining free of structural bias. These
results demonstrate that NS offers an efficient, unbiased route to
adsorption thermodynamics and phase behavior on complex sur-
faces. Extending the framework to realistic interaction potentials,
heterogeneous surfaces, and multi-component adsorbates should
further broaden its utility in surface science.
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